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RUIN PROBABILITIES FOR RISK PROCESSES WITH 
NON-STATIONARY ARRIVALS AND SUBEXPONENTIAL 

CLAIMS 



(3 . LINGJIONG ZHU 

(N 



Abstract. In this paper, we obtain the finite-horizon and infinite-horizon ruin 
probability asymptotics for risk processes with claims of subexponential tails 
for non-stationary arrival processes that satisfy a large deviation principle. 
As a result, the arrival process can be dependent, non-stationary and non- 
renewal. We give three examples of non-stationary and non-renewal point 
processes: Hawkes process, Cox process with shot noise intensity and self- 
correcting point process. We also show some aggregate claims results for these 
three examples. 



1. Introduction 
Let us consider a classical risk model 

Nt 
(1.1) Ut=U+pt-J2C^ 



^T , where Ci are i.i.d. claims distributed as an _R+-valued random variable C, p > is 

the premium rate, u > is the initial reserve and Nt is a simple point process. 

We are interested in the case when Ci have heavy tails. A distribution function 
B is subexponential, i.e. S 6 iS if 



^' (1.2) lim^(^^ + ^^>^ 



P(Ci > x) 

where Ci, C2 are i.i.d. random variables with distribution function B. Let us 
k> ' denote B[x) := P(Ci > x) and let us assume that E[Ci] < cxd and define Bq[x) := 

^ . licT /o -^(y)'^2/' "where F{x) = 1 — F{x) is the complement of any distribution 



function F{x). In the paper, the notation f{x) ^ g{x) means lima;_>.oo ^^ — 1- 
Goldie and Resnick [9 showed that ii B G S and satisfies some smoothness 

conditions, then B belongs to the maximum domain of attraction of either the 

Frechet distribution or the Gumbel distribution. In the former case, B is regularly 

varying, i.e. B{x) ~ L{x)/x°'^^ , for some a > and we write it as S G TZ{—a — 1), 

a> 0. _ 

We assume that Bq G S and either B G TZ{—a — 1) 01 B <E G, i-c. the maximum 

domain of attraction of Gumbel distribution. Q includes WeibuU and lognormal 

distributions. 
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Ti = Ti — Ti-i is the length of the time interval between two consecutive arrival 
times of the point process r^-i and r^. Ti stands for the ith arrival time of the point 
process. If Ti are i.i.d., with mean E[Ti], then Nt is a renewal process and assume 
the usual net profit condition 

(1-3) ^-¥^<1- 

then, it is well known that (see Teugels and Veraverbeke [16] , Veraverbeke [19] and 
Embrechts and Veraverbeke [S]), 

(1.4) lim J") - P 



Boiu) 1-p' 

where ip{u) := P(t,j < oo) is the infinite-horizon ruin probability, where 
(1.5) T„ := inf{t > : C/t < 0}. 

The extensions when Nt is not a renewal process has been studied in Asmussen 
et al. [1] when the authors consider a risk process with regenerative structures or a 
stationary and ergodic process satisfying certain conditions. See also Araman and 
Glynn [I], Schlegel [13] and Zwart et al. 23]. 

But in general, for a simple point process Nt, we may not have a regenerative 
structure and it may not be stationary and ergodic as assumed in Asmussen et al. 
[3]. For example, none of the examples that we will introduce later in Section [3] 
are stationary or have a regenerative structure. In this paper, we point out that 
the classical infinite-horizon ruin probability estimate (|1.4|) and also finite-horizon 
ruin probabiliy estimate still hold as long as there exists a large deviation principle 
for {Nt/t € ■), which is the main result of this paper, i.e. Theorem [3] and Theorem 
[7] in Section 12.11 The intuition behind it is that if the arrival times deviate away 
from its mean with an exponentially small probability, it will be dominated by the 
subexponential distributions of the claim sizes. Our proof is essentially based on 
checking the conditions proposed in Asmussen et al. ^. 

In Section [2T2l we review some known results about estimates of aggregate claims 
when Nt is not necessarily renewal and show that a condition is satisfied given the 
large deviation principle of {Nt/t S •). 

Finally, in Section jS] we give three examples of non-renewal processes, i.e. 
Hawkes process (which answers a question of Stabile and Torrisi [E]), Cox pro- 
cess with shot noise intensity (which reproves a result that is known, see Asmussen 
and Albrecher [2]), and self-correcting point process for which our results apply. 

2. Risk Process with Non-Renewal Arrivals and Regularly Varying 

Claims 

2.1. Ruin Probabilites. Before we proceed, recall that a sequence (i-'n)neN of 
probability measures on a topological space X satisfies the large deviation principle 
(LDP) with rate function / : AT — )■ M if / is non-negative, lower semicontinuous and 
for any measurable set A, we have 

(2.1) - inf I{x) < liminf - logP„(A) < limsup - logP„(A) < - ini_I{x). 

xeA" n-i-oo n n-foo n x£A 
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Here, A° is the interior of A and A is its closure. See Dembo and Zeitouni Jj or 
Varadhan jlS for general background regarding large deviations and the applica- 
tions. Also Varadhan [IT] has an excellent survey article on this subject. 

Asmussen et al. [4] proved that (|1.4p holds if we have Lemma [1] and Lemma 
[2l So our main task here is to prove Lemma [T] and Lemma [2] under following 
assumptions. Notice that Lemma [1] holds if (T'i)i>i is a stationary and ergodic 
sequence (by using ergodic theorem). And that is the only place Asmussen et al. 
[3] used the stationarity and ergodicity assumption. That is why as long as we 
can prove Lemma [T] we can drop the stationarity and ergodicity assumption. The 
following is the main assumption for the asymptotic results of ruin probabilities 
that we are going to establish in this paper. 

Assumption 1. (i) {Nt/t G •) satisfies a large deviation principle with rate func- 
tion /(•) such that I{x) — if and only if x — fi. 

(ii) I{x) is increasing on [/i, oo) and decreasing on [0, fj] . 

(Hi) The net profit condition is satisfied, 

(2.2) p:=«ll<l. 

P 

(iv) There exists some 9 > such that E[e^^>=i "^'] < cxd for any n G N. 

Lemma 1. Under AssumptionUl for any fixed e,e' > 0, there exists a constant 
M > such that 



(2.3) P( fl <pJ2^.<ni^ij-^+ej+M\\ > I - e' . 

Proof. Replacing e by pe and M by pM in the above equation, it is sufficient to 
prove that 

(2.4) limsupPf Q <X^T, >n(- + A+M[\ =0 



^J~^°° V«=i U:=i ^'" 



Observe that {Nt < n} = (X^iLi -^i ^ ^'-'^ ^^^^ n G N and t G K.^ and also for any 
fixed /i' < /i, there exists some S' > such that I{fJ.') — S' > and for sufficiently 
large i, 

(2.5) P(iVtA<^')<e-*[^^^'^-^'l, 

where we used fact that I{fi') > and /(•) is decreasing on [0, fi] from Assumption 

m 

Also for any A^ G N, 

(2.6) limsup ^ P [ ^ T, > n ( - + e ) + Af ] =0. 



*^^~ n<N V--1 V^ 
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Together, take iV e N sufRciently large, 

(2.7) limsuppf I J i Vt, >n( i + e) +A/' 

oo / n y _, 

< limsup V P I V T, > n I - 

n—1 \t—l ^ 

= limsup V P I V T, > 71 f - + e ) + M 






n>N 
oo 



= lim sup > P — — '-Y r — 7T < 



M^oc ^, \n{fi^^ + e) + AI - n{fi-^ + e) + M 



M~^oo :— j" \nip-'^ +e) + M ~ 1 + fie 






< limsup y e ^" 



(p-^+e) + M)[/(.rTk)-*'l 



i+fi 
n>A/ 



D 



Lemma 2. Under Assumptions^ 

,^^, ,. P(sup„>i{n(pA^-i - e) -pELi^O > ^^) ^ 

(2.8) Irni = =-— = 0, 

"-i-oo Bo{u) 

for any sufficiently small e > 0. 

Proof. Notice that 

(2.9) 

~ ^ (^'"""V/i -p I p 



^ E ipK(i-t)>") 



which is exponentially small in m as u — 5- oo. Since Bq{u) is subexponential, we 
have the desired result. D 

We have the following asymptotic estimates for infinite-horizon ruin probabilities. 
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Theorem 3. Under Assumption]^ we have 
(2.10) lim i^") - 



Bo{u) l-p 

Proof. It is a direct result of Lemma [TJ Lemma [2] and Theorem 3.1. in Asmussen 
et al. [4]. D 

Remark 4. In Theorem\^ we can replace the large deviation assumption of(Nt/t G 
•) by a large deviation assumption of {— X^iLi ^j ^ ')• ^'^^ usually, if [Nt/t e •) sat- 
isfies a large deviation principle with rate function I{x) if and only if (— X]r=i -^« ^ 
•) satisfies a large deviation principle with rate function xl{l/x). The reason we 
chose to assume the large deviation for {Nt/t g •) in Assumption\^ is because when 
Nt is not renewal, the inter- occurrence times are not i.i.d. and it is usually eas- 
ier and more natural to establish the large deviation for {Nt/t S •), which is at 
least in the case of our three examples, Hawkes process. Cox process with shot noise 
intensity and self- correcting point process. 

Next, let us consider the finite-horizon ruin probabilities. 

Let e(u) := E[Ci — u\Ci > u] be the mean excess function and 

(2.11) ^(u,^) :=P(r„ < z), z > 0, 

be the finite-horizon ruin probability. 

Remark 5. (i) (Regularly Varying Distributions) If B{u) = i"{ , a G (0, oo), i.e. 
B e n{-a - 1), then, e{u) ~ f . 

(ii) (Lognormal Distributions) If B{u) = — i= /l^" e~^ ^"^dx, then, B ^Q 

2 

and Bo eS and e{u) ~ log „" ^ ■ 

(Hi) (Weibull Distributions) If B{u) ~ e~" , where a G (0,1), then, B eQ and 
Bo e S and e{u) ^ ^'^-^ ■ 

Lemma 6. For any yo < oo, lima;_>oo - ^ — 1 uniformly for y E [0, j/o] for any 

GeS. 

Lemma |6] can be found in Chapter X of Asmussen and Albrecher [2] . 

We have the following asymptotic estimates for finite-horizon ruin probabilities. 

Theorem 7. Under Assumptions^ and further assume that Bo G S, we have, for 
any T > 0, (i) IfB G 7^(-a - 1), 



(2.12) lim ^("''''(")^) 



Boiu) l-p 

(it) If Beg, 

ilj{u,e{u)T) 



(2.13) lim 



Bo{u) 



1 + (1-P)- 
a 



l_e-(W)T 



Proof. The proof is based on the ideas in Asmussen et al. [1] with some modifica- 
tions. When Nt is a renewal process, Asmussen and Kliippelberg [3] proved both 
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(i) and (ii). Now if Nt satisfies Assumption [TJ then, by Lemma [U 
(2.14) ^P{u,eiu)T)=pl sup iVQ-pVTA> 




> (1 - e')F sup <y^ a - n { - + e] } > u + M 

Now, in both cases (i) and (ii), we know that e{x) r-^ " -n, J ^ ■ Since both B{x) and 

Bq belong to S, Lemma [5] imphes that hm2;_5.oo r V — 1 uniformly for y G [0,yo] 
for any j/q < oo. Therefore, for any e" G (0, 1), we have e{u) > e{u + M){1 — e") 
for any sufficiently large u and thus we get 

(2.15) 

V'(u,e(u)T) > (l-e')]P( sup i V C, - n ( - + e ) i > u + Af ) . 

\n<e{u+M)T{l~e") {"^^ VM / J / 

Now assume B G TZ{—a — 1). We have by the corresponding result for renewal 
Nt in Asmussen and Kliippelberg [3 and Lemma |6l 

(2.16) liminf ^feMZl = U^inf t^l^i^^ 
u-»-oo Bo{u) u-i-oo Bo{u + M) 

> (1 - e')-P^ [1 - (1 + (1 - PeMl - 6")/a)-1 , 

where p^ := -rrir'- Since it holds for any e,e',e" > 0, we proved the lower bound. 
The case ioi B & Q is similar. 

Now, let us prove the upper bound. Choose e > small enough that ^ ^ e > 

IE[Ci], 
(2.17) 

ijj{u, e{u)T) 



Bo{u) 

IP(sup„<e(n)T{Er=i C:^ - njpfi-^ - e) + n{pfi-^ - e) - J27=i ^J > ") 

Bo{u) 

P{X,(u) + Y, >u) 



lim sup ■ 
= lim sup 

u— foo 

< lim sup 

where Xe(u) ■= snp,^^^f^^){Y,7=iCt-n{pn-^ -e)} and F, := sup„>i{n(p//"i -e) - 
Sr=i ^*}- By Lemma [U we have lim„_>.oo -^"^" = and by the results for the 
renewal case (Asmussen and Kliippelberg 0), for B G 7l{—a — 1), 

(2.18) ¥{X,{u) >u)^ -^^ [1 - (1 + (1 - Pe)T/a)-''] Bo{u), 

1 - Pe 

where pe := — Li_ . Let us recall the Proposition 1.9. of Chapter X in Asmussen 
and Albrecher [5] which says that for any distributions Ai , A2 on M+ , if we have 
Ai{x) ~ aiG{x) for some G e S and some constants 01+02 > 0, then, Ai * A2[x) ^ 
(ai + a2)G{x). In our case G{x) = Bq{x) G S and Ai, yl2 are the distributions of 
Xc{u) and Ye with ai > and 02 = 0. Notice that Xc{u) and y^ may be negative. 
To save the argument, we can simply use the fact that Xe{u) < max{Xe(M), 1} 
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and Ye < maxlYe, 1} then apply it to ina.x{Xe{u), 1} and niax{Ye, 1} instead. Also, 
in our case, Xe{u) depends on u, but the proof of Proposition 1.9. Chapter X in 
Asmusseen and Albrecher [5] still works. Hence, we get 

(2.19) hnrsup ^^^ < -^^ [l - (1 + (1 - p.)T/o)-"] . 

Since it holds for any e, we proved the upper bound. The case for i? G ^ is 
similar. D 

2.2. Aggregate Claims. Let At := J2i=i ^i ^'e the aggregate claims up to time 
t, where as before we assume here that Ci are i.i.d. positive random variables 
Consider the following assumptions. 

Assumption 2. (i) &[Nt] < oo for any t and K[Nt] — > oo as t ^ oo. 

(in) There exist e, 5 > such that 

(2.20) Y^ P(iVt >fc)(l + e)'^->0, 

fe>(l+<5)E[Aft] 

as t ~^ oo. 

Kliippelberg and Mikosch [T^] proved that under Assumption [51 for fixed time i, 
we have 

(2.21) f{At - E[At] > a;) - E[7Vt]P(Ci > a;), 

uniformly for x > ^E,[Nt] for any 7 > 0. 

Remark 8. Indeed, Kliippelberg and Mikosch [12, proved a slightly stronger result 
which says ()2.2ip holds assuming that the claim sizes Ci are i.i.d. with a distribution 
function F S ERV{—a, —(3) for some 1 < a < /? < 00, where ERV denotes the 
space of extended regular varying functions. 

It is usually easy to check (i) and also under the assumptions in Theorem [31 
^ -> /I and {Nt/t G •) satisfies a large deviation principle with rate function I{x) 
which is nonzero if and only ii x ^ fi. Therefore, if we assume we could prove that 
— L-^ ^> /i as i — ?► 00, then (ii) is satisfied. Moreover (iii) can be replaced by 

(iii') For any fi' > 0, c^, := inf,>^, ^ > 0. 

Assume (iii'), we can find some < S' < S such that for any t sufficiently large, 

(2.22) Yl HNt>k){l + ef< J2 P{Nt > k)il + e)'' 

k>{l+5)E[Nt] k>{l+S')fj.t 

< Y e^(^('=/*)-^')*(H-e)^ 

fe>(l+(5')pt 
k>{l+5')iit 

< Y e"^''<^+''''f'"''<^^H:)''(l + £)'=. 

fc>(l+(5')pt 

If we pick up e' > small enough such that e' ^ A,.. < C(^i^s')fi: then, we can pick 
up e > small enough so that C(i+5')^ — ^' (i+S') ^ log(l + e) and therefore by 
letting i — > 00, (iii) is satisfied. 
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3. Examples of Non-Renewal Arrival Processes 

3.1. Example 1: Hawkes Process. Hawkes process is a simple point process that 
has self-exciting property, clustering effect and long memory. It was first introduced 
by Hawkes 10 and has been widely applied in finance, seismology, neuroscience, 
DNA modelling and many other fields. A simple point process Nt is a linear Hawkes 
process if it has intensity 

(3.1) Xt = i^ + ^h(t~T), 

h{-) : [0,cxd) -^ (0, cxd) is integrable and ||/i||li < 1- We also assume that Nf 
starts with empty past history, i.e. iV(— oo, 0] = 0. By our definition, the Hawkes 
process is non-stationary and is in general even non-Markovian (unless h{-) is an 
exponential function). Also, it does not have a regenerative structure. Thus, the 
conditions in Asmussen et al. [2 do not apply here. 

Notice that it is well known that, (see for example Daley and Vere- Jones [6]) 

(3.2) lim — — IJ^ ■= rrrn — i 

and Bordenave and Torrisi [S] proved the a large deviation principle for {Nt/t G •), 
i.e. Lemma IHl Therefore, it is natural that we can apply the results in our paper 
to study the ruin probabilities with subexponential claims when the arrival process 
is a non-stationary linear Hawkes process. 

Lemma 9 (Bordenave and Torrisi [5]). {Nt/t G •) satisfies a large deviation prin- 
ciple with rate function, 

(33) /(a;) ^ I'^^Qg ( ■>+hT^ILi ) ~ ^ + ^ll^ll^^ + " «/2;e[0,oo)^ 

[ -t-oo otherwise 

Remark 10. Indeed, in Bordenave and Torrisi ^, they expressed the rate function 
/(•) in an alternative way, which is less explicit. The expression of the rate function 
in Lemma [P| was first pointed out in Zhu [22) . 

Lemma 11. — L-^ -^ -, — tK-t, — as t ^ oo. 

t l-\\h\\^i 

Proof. Taking expectation of the indentity \t ^ v + j^ h{t — s)N{ds), we get 

(3.4) E.[Xt]=iy+ h{t-s)E.[Xs]ds <i^+\\h\\Li sup E[As]ds, 

Jo a<s<t 

which implies that for any t, supo<5<t E[As] < ]Ttt|^ — and therefore E[At] < 

■ _ji^ji — uniformly in t. Next, let H{t) :— J h(s)ds and 



(3.5) E[Nt] = E 



t 
Xgds 



^vt+ I I h{s- u)d¥.[Nu]ds 
Jo Ja 

= vt+ I I h{s - u)dsd¥.[Nu] 

Jo Ju 

= iyt + E[Nt]\\h\\Li~ [ Hit^u)dE[Nu] 
Jo 



RISK PROCESSES WITH SUBEXPONENTIAL CLAIMS 



which imphes that 

(3.6) E[Nt] 

and 



i/t 



\h\\ 



Hit - u)E[Xu]du, 



(3.7) 



1 /■* i^ . 1 /■* 

hmsup— / H [t — u)E[Xu]du < j-— -j- — hmsup— / H 



{t ~ u)du 



y r 1 

— — — hm sup - 

1 ^ II"-||li t-i-OO t 



H{u)du = 0, 



since H{t) = J^ h{s)ds —> as i — ?> oo. 

Assume the net profit condition p > E[C] — 



D 



\\hh 



If Ci have hght tails, then Stabile and Torrisi \W\ obtained the asymptotics for 
the infinite-horizon ruin probability ip^u) and the finite-horizon ruin probability 
(/)(u, uz) for any z > 0. As pointed out in Stabile and Torrisi [15] the case when Ci 
are heavy-tailed is open and now we have the tools to handle the case. 



Proposition 12. Assume the net profit condition p > E[C] i_un 
(i) (Infinite- Horizon) 

i^E[Ci] 



(3.8) 



hm J") 



u-)-oo Bo{u) p(l 
(a) (Finite-Horizon) For any T > 0, 
(3.9) 







i[Ci 



hm ti^^ 
u-i-oo Bo{u) 

uE[Ci] 
P(l-||'i|Li)-i'E[CiJ 

t/E[Ci] 

p(l-||''ILi)-^E[Ci] 



/' p(l-||/'ILi)-'-'E[Ci: 
V P(l-Il^lli.i) 



p(l-||h||^l)-..E[Cil ^ 
P(l-||h||^l) ' 



if B e TZ{-a ~ 1) 
if Beg 



(Hi) (Aggregate Claims) For fixed time t, 
(3.10) P(At - E[At] > x) - E[iVt]P(Ci > x), 

uniformly for x > jE[Nt] for any 7 > 0. 

Proof. To prove (i) and (ii) , by Theorem |3] and Theorem [71 it is enough to check 
the conditions in Assumption [T] (i) and (ii) of Assumption [2] can be verified by 
the large deviations result in Lemma [9] and the properties of the rate function, 
(iii) of Assumption [I] is the assumption of the Proposition [121 To check (iv) of 
Assumption [l] notice that by the definition of Hawkes process, Nt stochastically 
dominates N^ , a homogenous Poisson process with parameter ly > 0. But T^ 
corresponding to N^ are i.i.d. exponentially distributed with parameter v and they 
stochastically dominate T^, the length of time interval between two consecutive 
arrivals of a Hawkes process. But we know that exponentially distribution has 
exponential tails and thus for > small enough, E[e^^'=i"^*] < E[e^^'=i"^» ] = 
E[e*"^i ]" < 00 for any n S N. Thus (iv) of Assumption [H holds. Now, to prove (iii), 
it is enough to check (i), (ii) and (iii') of Assumption [2l In the proof of Lemma 
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[TTl we showed that E[At] < yz-ra — uniformly in t and thus E[Nt] = E /^ Xgds 



< 



\Mr 



< oo and (i) of Assumption [5] is verified, (ii) of Assumption [5] is a result 
of Lemma [TT] and law of large numbers of Nt/t and finally (iii') of Assumption [2] 
can be verified by easily checking the rate function in Lemma 13 D 

3.2. Example 2: Cox Process with Shot Noise Intensity. We consider a Cox 
process Nt with intensity At that follows a shot noise process 



(3.11) 






where r*^^) are the arrival times of an external homogenous Poisson process with 
intensity 7. Here, g{-) : R"*" — ?► R"*" is integrable, i.e. /^ g(t)dt < cx) and v{t) is a 
positive, continuous, deterministic function such that j/(t) — > z/ as t — ;■ cxd. 

The ruin probabilities for heavy-tailed claims with arrival process being a shot 
noise Cox process is known in the literature, e.g. see the book by Asmussen and 
Albrecher [2]. But the techniques in the literature use the very specific features of 
shot noise Cox process and the proofs are much longer. Our proof essentially only 
needs the large deviation result for {Nt/t € •) which is very easy to establish. 

Since N'-^'> is a Poisson process with intensity 7, by the definition of At, it is easy 
to see that 



(3.12) 



iVt 
t 



'^ + 7||.9||li, as t 



00. 



It is not clear to the author if the large deviation result for {Nt/t e •) is known 
in the literature. For the sake of completeness, let us establish the large deviation 
principle here. 



Lemma 13. {Nt/t G •) satisfies a large deviation principle with rate function, 
(3.13) I{x) = 




hx- {e^ -l)iy--f{e^^''-^^^^s\\r.i _ i)| j/^ e [0, cx)) 

otherwise 



Proof. For any G K, we have 



(3.14) 



JNti _ 



.{eO-l) f^X^ds 









J,e'>-l)p„f^g[s-u)N^^Hdu)ds 
X[Jl(e" -l)a{s-u)ds\N^^\du) 



s)dSg7/o*(e^"<'= -^'«<''-"'^= 



i>)dSpl f/,{e'o 



t(Jo "{<:''-l)a{s)ds 



-l)du 



-l)du 



s)(is 7/Q'(e-''o'<'=''-i'9(='''"-l)du 



Therefore, we have 
(3.15) 



lim -logEfe^^'] = (e^ - l)z/ + 7(6^'= -^^Ml^ _ 1). 

t— >oo t 
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By Gartner-Ellis theorem, we conclude that {Nt/t £ •) satisfies a large deviation 
principle with rate function 



(3.16) 



I{x) = sup iOx - (e« - 1)1/ - 7(e('=''-i)ll9lli.i _ i)| 



Now, if X < 0, then for any 6 < 0, Ox ~ {e" ~ l)v - ^{e'^^''-^)\\a\\L^ - 1) > fe 
if we let 9 — > — cx). Hence, I{x) — +oo for x < 0. 

Lemma 14. * . *^ -> ;/ + 71|(?||li as t -^ cxo. 



D 



Proof. Observe that 
(3.17) E[Nt] ^ E 



Acds 







5(s-u)Ar(i)(du)d5 



Jo 

t rs 



which implies that 



ft rs 

= I iy{s)ds + E 
Jo 

h'{s)ds + 7 / / g{s — u)duds 
/o Jo Jo 

ft ft fS 



E[7Vt] 



v{s)ds + ^ I j g{u)duds, 
Jo Jo 

V + 7||.9||li as i — ?> oo. 



D 



Proposition 15. Assume the net profit condition p > E[C](i/ + 7||5||li)- 
(i) (Infinite-Horizon) 

(z. + 7||5|U0E[Ci] 



(3.18) 



lim J") 



u^oc^ Bo{u) p-(i/ + 7||.g|Ui)E[Ci] 
(ii) (Finite- Horizon) For any T > 0, 
(3.19) 



lim 

u-¥oo Bq{u 



ipiu, uz) 

(i/+7||g||j.i)E[Ci] 
_ ; p-(i'+7ll9llii)E[Ci] 

('/+7ll3lLl)E[Ci] 
P-(i'+7ll9lli,i)E[Ci] 



1+1 



(^+7||3||j.l)E[Ci] 



^ f.-(v-('^+i\\g\\Li)nCi])T/p-] 



if B en[-a-l) 

if Beg 



(in) (Aggregate Claims) For fixed time t, 
(3.20) P(At - E[At] > x) - E[iVt]P(Ci > x), 

uniformly for x > 7E[iVf] for any 7 > 0. 

Proof. To prove (i) and (ii) , by Theorem |3] and Theorem [7l it is enough to check 
the conditions in Assumption [TJ (i) and (ii) of Assumption [2] can be verified by the 
large deviations result in Lemma [T3] and the properties of the rate function, (iii) of 
Assumption [1] is the assumption of the PropositionlTSl To check (iv) of Assumption 
[1] notice that by the definition of Hawkes process, Nt stochastically dominates 
Nf , an homogenous Poisson process with parameter v* :— maxt>o i^{t). But T!/' 
corresponding to N^ are i.i.d. exponentially distributed with parameter u* and 
they stochastically dominate T^, the length of time interval between two consecutive 
arrivals of a Hawkes process. But we know that exponentially distribution has 
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exponential tails and thus for 9 > small enough, E[e^^'=i^'] < 



'Er=irr 1 ^ 



E[( 



.eT," 



< oo for any n E N. Thus (iv) of Assumption [T] holds. Now, to prove (iii), 



it is enough to check (i), (ii) and (iii') of Assumption [2] It is easy to see that that 

E[Af] = v{t) + -y J^ g{s)ds < oo for any i > and thus E[Nt] = E /J Xgds < cxd 

and (i) of Assumption [5] is verified, (ii) of Assumption [2] is a result of Lemma [TH 
and law of large numbers of Nt/t and finally (iii') of Assumption [2] can be verified 
by easily checking the rate function in Lemma [TS] D 

3.3. Example 3: Self-Correcting Point Process. A self-correcting point pro- 
cess, also known as the stress- release model, is a simple point process N with empty 
history, i.e. A'^(— oo,0] = such that it admits the J-'t-intensity 

(3.21) Xt-.^XiZt), and Zt:=t-Nt^. 

The rate function A(-) : K -^ IR+ is continuous and increasing such that 

(3.22) < A" = lim A(z) < 1 < lim A(z) = A+ < oo. 

2:— V — oo 2— f+oo 



Notice that in the definition of intensity in p.2ip . we used Nt- instead of Nt- That 
is crucial to guarantee that the intensity At for the self-correcting point process is 
J^t-predictable. 

The model was first introduced by Isham and Westcott JTj as an example of a 
process that automatically corrects a deviation from its mean. Later, it was studied 
as a model in seismology. The stress builds up at the linear rate 1 in our model 
and releases by the amount 1 at ith jump. Vere-Jones [20] discussed an insurance 
interpretation. 

Under these assumptions, it is well known that -^^ — ?► 1 as i ^- oo (See for 
example Proposition 4.3 in Zheng [H]). Recently, Sen and Zhu [2] proved the 
following large deviation result. 



Lemma 16 (Sen and Zhu [M]). {Nt/te 

rate function 



(3.23) 

where 
(3.24) 

Lemma 17. 

Proof. E[Nt] 



E[Nt 



I{x) 

— >■ 1 as t — 
IoMZs)ds 




satisfies a large deviation principle with 

if X > 1 
ifx^l 
ifO<x<l' 
otherwise 



lOf 



m 



x + A^ 



X >0. 



Zheng |21j proved that there exists a unique in- 
variant measure Tr{dz) for the Markov process Zt. By ergodic theorem, we have 

1 '•* 
(3.25) - 

1^ Jo 

a.s t —^ oo. We know that Zt ~ t — Nt has the generator 



X{Zs)ds 



X{z)Tr{dz), 



(3.26) 



Of 



Af{z)^^ + X{z)ifiz-l)-fiz)), 
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and we have Aztt = which huphes that J X{z)Tr{dz) ~ 1 and thus -j L \{Zs)ds -^ 
1 a.s. as i — ?> cxd. Since A^ < A(-) < A+, by bounded convergence theorem, we 



conclude that 



V.[Nt_ 



1 as i — > CXD. 



D 



Proposition 18. Assume the net profit condition p > E[C]. 
(i) (Infinite-Horizon) 

nci] 



(3.27) 



lim J") 



Bo{u) 

(ii) (Finite- Horizon) For any T > 0, 
(3.28) 



Hm 



ipiu, uz) 
Boiu) 



E[Ci] 
p-ElCi] 

E[Ci 



1 



1 



1 



P - E[Ci] ■ 



E[Ci 



1 _ e-(p-E[Ci])T/p-| 



ifBeUi-a 
if Beg 



1) 



. p-ElCi 

(Hi) (Aggregate Claims) For fixed time t, 
(3.29) FiAt - E[At] > x) ^ E[Nt]P{Ci > x), 

uniformly for x > j¥i[Nt\ for any 7 > 0. 

Proof. To prove (i) and (ii) , by Theorem [3] and Theorem [71 it is enough to check 
the conditions in Assumption [1] (i) and (ii) of Assumption [5] can be verified by 
the large deviations result in Lemma [TC] and the properties of the rate function, 
(iii) of Assumption [T] is the assumption of the Proposition [THl To check (iv) of 
Assumption [1] notice that by the definition of Hawkes process, Nt stochastically 
dominates N^ , an homogenous Poisson process with parameter A^. But T^ 
corresponding to N^ are i.i.d. exponentially distributed with parameter A^ and 
they stochastically dominate Ti , the length of time interval between two consecutive 
arrivals of a Hawkes process. But we know that exponentially distribution has 

exponential tails and thus for 6* > small enough, E[e^^i=i-^*] < E[e^'^i=i'^i ] — 
gj-gSTj^ ]" < 00 for any n G N. Thus (iv) of Assumption [T] holds. Now, to prove 
(iii), it is enough to check (i), (ii) and (iii') of Assumption [2] It is easy to see that 
that At < A+ < cx) for any t > and thus E[Nt] = E /^ Xsds < A+t < 00 and (i) 

of Assumption [2] is verified, (ii) of Assumption [2] is a result of Lemma [TTl and law 
of large numbers of Nt/t and finally (iii') of Assumption [2] can be verified by easily 
checking the rate function in Lemma [T51 D 
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